We study the scattering process of photons confined in a one dimensional optical waveguide by a laser controlled atomic ensemble. The investigation leads to an alternative setup of quantum node controlling the coherent transfer of single photon in such one dimensional continuum. To exactly solve the effective scattering equations by using the discrete coordinate approach, we simulate the linear waveguide as a coupled resonator array at the high energy limit. We generally calculate the transmission coefficients and its vanishing at resonace reflects the good controllability of our scheme. We also show that there exist two bound states to describe the localize photons around the cavity.
I. INTRODUCTION
Single photon source and single photon detection is very crucial to the quantum information processing [1] . Essentially, this importance is "rooted in" the coherent manipulation of single photon through the controllable quantum node at the single photon level. There are many protocols to implement such quantum node, for example, a two or three-level system (hereafter the term "atom" is used to refer to these kind of systems) inside a waveguide [2, 3, 4] based on the absorption and reemission of the single photon. However, the absorbing cross section is much smaller in this kind of quantum node. When an atom is inserted into a cavity with high quality factor, the cross section will be largely improved between an atom and single photon due to photon moving to and fro inside the cavity. With this microcavity based setup, quantum nodes are also proposed on coupled-resonator array by embedding a two or three level atom [5, 6] . Even with such cavity enhanced coupling a much stronger coupling is hardly to achieve. An alternative approach to alter this situation is to interact photons with a coherent ensemble of atoms [7, 8, 9, 10, 11] . Here, the atomic coherence results from the fact the inter-atomic distance is less than the wavelength of their radiation from atoms. Therefore, if one naturally replace the single atom with an ensemble of N identical atoms, a √ N -time enhancement appears in the effective coupling.
Actually, this enhancement effects have been extensively explored for the free space case or in a single cavity [12, 13] . In this paper, we will concern this ensemble enhancement effect in the transferring photons confined in waveguide. We understand this case as a semi-free case where all atoms are confined in a cavity while the photon can propagate in the waveguide (see the Figure 1 ). In present investigation we adapt the discrete coordinate approach of scattering [5, 6] . In this approach the waveguide is approximated as a coupled resonator array with some dispersion relations. The physics of such approximation is rooted in the studies of photonic crystal waveguide defect based [14] . This method seems to be universal since it can give the exact solutions both in the continuum limits with higher and lower energy [5] . We first model the 1D waveguide as a coupled resonator array and also consider the collective excitation of an atomic ensemble in the single excitation with lower energy. Then, the photon transfer in the waveguide is described as a coherent hopping of photon along the coupled cavity array. The atomic ensemble localized in a cavity within this array behaves as the scatterer. By using of the scattering theory, we obtain the single photon transmission rate in the coupled resonator array. And we find there exist two bound states to describe the localize photons.
This paper is organized as follow: in Sec.II, we present our model, a coupled-cavity array with atomic ensemble separately inside its corresponding cavity. In Sec.III, we consider the transport property in one-excitation subspace under discrete coordinate approximation. Then we consider the role of the enhanced coupling for the single photon transfer in the coupled resonator array in Sec.IV. Through the scattering equation in the discrete coordinate representation, we study the photon scattering by the atomic ensemble in Sec.V. In Sec.VI, we also obtain the two bound states to describe the photon localization. Then we make our conclusions in Sec.VII.
II. MODELING HYBRID SYSTEM FOR CONTROLLING PHOTON TRANSFER
Schematic description of our system is shown in Fig.1 where photons propagating in the one dimensional waveguide are coupled to the atomic ensemble in a gas cell. We assume there is no inter-atom interaction for a dilute gas in the cell. The characteristic size of the gas cell is comparable to the wave length of the atomic radiation. The waveguide supports the input and output propagating optical modes. To put the our system into a mathematical formalism, we introduce the bosonic field (c) To implement the steady two-level atoms, the stimulated Ramman process based on Λ-type atoms is used to achieve the effective two-level atoms in large detuning to overcome the high-level decay.
operator ϕ R = ϕ R (x) and ϕ L = ϕ L (x) for a right-going and a left-going photon respectively [3] , then its corresponding Hamiltonian reads
where v g stands for the group velocity of the photon in the waveguide. The gas-cell, localized around point x = 0, is filled in with an ensemble of two level systems. And this ensemble is coupled to input and output fields inside waveguide. Actually, in order to achieve a tunable two-level atomic ensemble, we employ N three-level atoms of a Λ-type level structure: the ground state |g , the excited state |e and an auxiliary state |a , shown in Fig. 1(c) . The transition between levels |e and |a is driven by a classical control field, and the transition between levels |g and |e couples via dipole moments to the cavity resonance mode. Through the stimulated Raman process, a tunable and much stable two-level atomic ensemble is achieved [16] .
The model Hamiltonian for the total system reads
where σ l µν = |µ l ν| , (µ, ν = e, g) flips the energy level |ν of atom l to |µ of the same atom, Ω is the energy level spacing of the atomic system, ξ is the light-atom coupling strength in the waveguide, and ζ l (ζ l < 1) characterizes the inhomogeneity of couplings of each atom to the cavity photons. In experiments, the coupling coefficients ξ depends on the position of the atom, but we take it uniform for an idealized consideration to abstract the dominate conclusions.
Next, we can deal with the photon transfer in the waveguide as the photon hopping in an infinite array of coupled cavities and central cavity contains an identical atomic ensemble. In the physical implementation, such kind of one-dimensional coupled resonator waveguide (CRW) can be realized by coupled superconducting transmission line resonators [17] , coupled photoniccrystal microcavities or fibre-coupled toroidal microcavities. We will prove as follows that, for the "high energy" photons, the coupled resonator array will play the same role as that by the waveguide.
Usually, such nearest-neighbor interactions of cavities are modeled as a typical tight-binding coupling in terms of the creation and annihilation operators (b † j and b j ) of the modes localized in the jth cavity. The model Hamiltonian for the CRW yields
where ω is the eigenfrequency of the cavity mode, and g is the hopping constant between the neighboring sites. Here, the subscript index j range from minus infinite to plus infinite. The photonic spectrum of this CRW is continuous with its band extending from ω − 2g to ω + 2g. A propagating single photon in the CRW will occupy an energy
where k is the momentum of the photon, and the lattice spacing is taken to be unit. In the low-energy regime k → 0, the long-wavelength approximation gives a quadratic spectrum
with ω g = ω − 2g, which is obtained by expanding the cosine function around zero. Then this system is reduced to the one that a particle with mass (2g) −1 moves in a free space or a waveguide with no energy bound.
In the high-energy regime k → π/2, the shortwavelength approximation leads to a linear spectrum
with ω π = ω − πg, which is obtained by expanding the cosine function around ±π.
III. QUASI-SPIN WAVE EXCITATIONS OF ATOMIC ENSEMBLE COUPLED TO THE PHOTON HOPPING
In this section, we model the interaction between the hopping photons and the collective excitations of the atomic ensemble. Similar to the usual spin wave in the magnetic system, this collective excitation is described by a collective operator
where
Obviously, the above collective operators describe the collective excitation from the ground state |G = |g 1 · · · g N with all atoms in the ground state. A single particle excitation is presented by |1 a = a † |G . In the large N limit, and under the low excitation condition that there are only a few atoms occupying the excited state |e , the collective operator a satisfy the commutation relation
This means that the quasi-spin wave excitation is of bosonic type [18] .
According to the reference [19] , there also exist other collective modes, but they are decoupled with this mode by a † when the atoms is in the homogeneously broadening, i.e., all the energy level spacings are the same. Then the coupling between the atomic ensemble and the localized mode b 0 and b † 0 in 0'th cavity reads
where ξ the cavity mediated atom-photon coupling.
In terms of the quasi-spin-wave excitation of the atomic ensemble, the Hamiltonian in the low-energy regime reduces to
In the high-energy regime, the Hamiltonian yields
In the above equations, we have neglected constants terms, and the summation of l over the atoms is inside a small but macroscopic volume around the position x = 0. Obviously, due to the cooperative motion of all atoms, the atom-photon interaction is enhanced by √ N times. Thus our quantum node has a strong coupling to light, so that it can preform a fast control for the photon transfer. 
IV. COHERENT SCATTERING OF PHOTONS BY ATOMIC ENSEMBLE
In this section, we consider the role of the enhanced coupling for the single photon transfer in the coupled resonator array. The strong coupling between the quasispin-wave and the cavity field leads to the emergence of dressed states of atoms by photons, which is called polaritons [20] . Polaritons are quasiparticles, which were introduced to reveal the physical mechanism for the temporary transfer of excitations to and from the medium many years ago [21, 22] .
In our system, there are two polaritons, which are described by polariton operators
Here, the superpositions of the two operators A and B are defined by the angle
with the parameters
Obviously, polariton operators A and B still obey bosonic commutation relations. With quasi-particle operators A and B, the interaction between the atoms and the 0th cavity is diagonalized as
=
where,
means that, in the atomic medium, the electromagnetic field will be split into two displacement vectors, which depicted by A and B respectively, corresponding to higher energy Ω + and lower energy Ω − .
In terms of the two dressed collective excitation operators A and B, we rewrite the total Hamiltonian
where ξ A = g sin θ and ξ B = g cos θ, which depends on the hopping constant g respectively and represent the effective couplings of A-polariton and B-polariton to the hopping photons. This Hamiltonian describes a local two channel scattering process illustrated in Fig. 3 schematically. The energy difference ∆ between the two channel is determined by both the Jaynes-Cummings coupling constant ξ and the numbers N of atom in the unit volume, and so there exists an obvious √ N -enhanced effects in the polariton split.
We confine ourselves to the single excitation subspace, since the total excitation number N = j b † j b j + a † a commutes with the Hamiltonian of the system. In the coordinator representation, the eigenstates in the singleexcited subspace reads
where u j is the probability amplitude for finding the single photon at the jth site, u l (l = A, B) is the probability amplitude of the single photon to localize at the 0th cavity by the formation of polaritons. The discrete Schrodinger equation gives the continuity of the wave functions in the scattering region around the atomic gas cell
V. PHOTON TRANSMISSION CONTROLLED BY ATOMIC ENSEMBLE
In this section, we study the photon scattering by the two polaritons through the above scattering equation in the discrete coordinate representation. Actually, the above equations (18) are the re-expression of the original discrete coordinate scattering equation first presented in Ref. [5] . All the results about the transmission and reflection with Fano line and Breit-Wigner line are valid in the present studies. To emphasize the role of the dressed states formed by atomic collective excitations coupled to the field of photon, we still apply the discrete coordinate equations (18) to calculate the transmission coefficient. We assume an incoming wave within the CRW with energy E k , incident from the left, results in a reflected and transmitted wave. The wave functions in the asymptotic regions on the left and right are given by
By canceling the probability amplitude u A and u B in the boundary condition of Eq. (18), the transmission amplitude is obtained as
and the reflection amplitude also can be gotten by the relation r = s − 1. We notice that the equation (20) is the same as that obtained in Ref. [5] . This point can be obviously seen by substituting the energy dispersive relation E k = ω − 2g cos k into Eq. (20) . However, from the dressed state based representation in Eq. (20) , the physical effects of photon scattering process can be feasibly explained with the two virtual channel pictures mentioned above. It can be observed from the above equations: i) transmission vanishes at the edge of band regardless of the location of energy level spacing, and these trivial zeros are caused by the vanishing group velocity at the k = 0, ±π; ii) a vanishing transmission appears, once the energy level spacing Ω is inside the energy band [ω − 2g, ω + 2g]. Case two is related to the Fano resonance [23] , which is the interference effect characterized by a certain discrete energy state interacting with the continuum. Indeed, as shown in Fig.4 , the atomic ensemble provides the discrete energy state and the CRW provides the continuum here. It is the inside-band discrete state shown in Fig.4(a) , which allows additional propagating path for the incident photon, and the destructive interference leads to perfect reflection.
All the above observations can be clearly seen in Fig.5 . We compare Fig.5(d) three lines, the transmission probability gets much larger on the whole when the energy level spacing is tuned outside the band. The physical mechanism for this increasing transmission is schematically illustrated in Fig.4(b) . In the scattering process when the energy level spacing is outside the band, the energy E k carried by the incident photon cannot excite quasi-spin-wave in the atomic ensemble, e.g. it occurs only a virtual exchange process of photons. However, since the atomic ensemble begins at the initial state |G with all atoms in a ground state and almost ended with the same state |G during the scattering process. Let us understand the above increasing phenomenon of transmission from the point view of polaritons. The CRW on the left side of the 0th resonator forms a continuum with a propagation allowing bound E k , and so does the right side of the 0th resonator. The two continuum are connected by two discrete energy states at the point j = 0. These two discrete energy states correspond to the single quasi-particle excitation of different polaritons from the atomic-ensemble ground state |G . According to the previous definition in Eq.(15) and Eq.(14), the required energy for a single excitation of polariton A is higher than that for a single excitation of polariton B. Fig.5(a), (b) ,and(c) schematically shows the corresponding energy-level diagram. In Fig.5(a) , the two energy levels of polariton are outside the band, the strong coupling removes both the single-excitated energy-level a † |G and the state b † 0 |0 of the resonator far away from the band, which almost blocks the tunneling process. Therefore the transmission is very small on the whole (see the Fig.5(d) 's a-line). When one of the polariton's energy level is inside the band, there is some possibility for one discrete energy state inside the band just like Fig.5(b) and (c) , which mediates the photonic hopping among the resonators. However, if the energy of one polariton approaches the middle of the band, the transmission probability becomes higher (see the Fig.5(d)'s b-line and c-line) .
Finally let us come to the question which path will be taken with large probability in the scattering process of the single photon. Actually this question is answered intuitively in the discussion of the previous paragraph. We now give the relation between the single-photon scattering process and the probability for a photon to occur in the polaritons. From Eq.(18), the probability amplitude 
In Fig.6 , we plot the probability |u A | 2 and |u B | 2 as the function of wave number k. The read dash line presents the probability |u A | 2 , and the blue solid line presents the probability |u B | 2 . The parameters are taken as the same as Fig.5(d) . In Fig.6(a) , the atomic energy level spacing Ω is inside the band. The case for Ω outside the band is depicted in Fig.6(b,c) .
In Fig.6(b) , the atomic energy level spacing Ω lies upper the band, while in Fig.6(b) , Ω lies below the band. It can been found that when Ω is inside the band, |u A | 2 and |u B | 2 compare with each other. However, when the eigen-energy Ω − of the polariton B is inside the band, as shown in Fig.5(b) , there is a large probability for a single-photon to form the polariton B at the point j = 0. Also when the energy level Ω + of polariton A is inside the band, the probability |u A | 2 becomes much larger, and |u B | 2 becomes much smaller. Therefore, photon tends to form polariton A rather than polariton B.
The above observation can been understood from the difference between the coupling strength ξ A and ξ B . For the case shown in Fig.6(a) , the coupling strength ξ A and ξ B approximately equal, therefore, |u A | 2 compares with |u B | 2 . However, in Fig.6(b,c) , things become different. ξ A is much smaller than ξ B for the case shown in Fig.6(b) , while for the case shown in Fig.6(c) , the coupling strength ξ B is much smaller than ξ A . Therefore, by adjusting the energy level spacing of the atomic ensemble, one can choose the formation of polaritons in the 0th cavity.
VI. LOCALIZED PHOTONS INDUCED BY POLARITONS
All the above arguments are based on the scattering approach with the discrete coordinate representation. In contrast to such delocalized states of scattering, there also exists the photon localization due to the formation of the polaritons, which are some quasi-particles described by the bound state. Actually, the bound state in continuum was first proposed in 1929 by von Neumann and Wigner [24] . From then on, there are so many studies to report its existence [25, 26, 27, 28, 29, 30] . The bound states are eigenstates of the whole system with some spatially localized properties. They are locally produced by lack of the periodicity in coordinator space and their corresponding eigenenergy is outside the energy band.
To find such bound state in our system, we return to the polariton free representation of scattering equation.
The above original Hamiltonian (22) is obviously equivalent to Eq. (16) with the polariton representation.
We assume
is a bound state with the site-dependent amplitude
Here, k can be regarded the wave vector that connected with the energy by the dispersion relation for Bloch states. The eigen-equation
25b) which is the same as Eq. (18) with the polariton based representation.
As discovered in Refs. [5, 6] , the above equations can be reduced into a scattering equation (26) with the effective potential
This local potential depend on the energy E b . It is crucial that this potential is resonant at the energy E b equal to the atomic energy level spacing Ω. The resonance enhanced coupling to the Zero'th site will lead to a bound state with the imaginary momentum vector, so that u b j being exponentially decay with j is far away from the zero site. This complex momentum vector k can be determined by the equation straightly formally given by Eq.(26). Then we obtain the transcendental equation for calculating the bound energy as
The above calculation gives the energy of the bound state as
When E b > ω b + 2g, and the energy E ∈ R, we can obtain only one the bound state energy satisfied all above requests from equation
We assume k = a − ib, a ∈ R and b > 0. Considering Eq.(28b) and the energy E is real, we obtain a = 0. So we can obtain complex momentum vector k, that means it is one of the bound state. Similarly, when E b < ω b − 2g we can obtain the another bound state and it's corresponding energy E b2 . We illustrate the bound state in the Fig.7(a) in the k-space and give the corresponding wave functions in the Fig.7(b) and Fig.7(c) respectively. The above investigation display that there exist two localized single photon states with different energy.
VII. CONCLUSION WITH A REMARKS
In summary, we have studied the scattering process of photons confined in a one dimensional optical waveguide by a laser controlled atomic ensemble. We show the possibility to bound single photon with an atomic ensemble based quantum node. Using the discrete coordinate approach, we exactly solve the effective scattering equations and gave the transmission rate of single photon in the coupled resonator array.
This investigation motivates us to proposed an active coherent control scheme for photon transferring in a waveguide by the localized atom ensemble. This construction can also create a local photon state called bound state. This finding implies a possibility to store the single photon state locally. 
